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Abstract: The basic objective of this work is to study the heat transfer of
Casson fluid of non-Newtonian nature. The fluid is considered over a vertical
plate such that the plate exhibits arbitrary wall shear stress at the boundary.
Heat transfers due to exponential plate heating and natural convection are due
to buoyancy force. Magnetohydrodynamic (MHD) analysis in the occurrence
of a uniform magnetic field is also considered. The medium over the plate
is porous and hence Darcy’s law is applied. The governing equations are
established for the velocity and temperature fields by the usual Boussinesq
approximation. The problem is first written in dimensionless form using some
useful non-dimensional quantities and then solved. The exact analysis is performed and hence solutions via integral transform are established. The analysis
of various pertinent parameters on temperature distribution and velocity
field are reported graphically. It is found that pours medium permeability
parameter retards the fluid motion whereas, velocity decreases with increasing magnetic parameter. Velocity and temperature decrease with increasing
Prandtl number whereas the Grashof number enhances the fluid motion.
Further, it is concluded from this study that the results obtained here are
more general and in a limiting sense several other solutions can be recovered.
The Newtonian fluid results can be easily established by taking the Casson
parameter infinitely large i.e., when β → ∞.
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1 Introduction
Non-Newtonian fluids have various important industrial applications in many fields [1,2],
due to which the researchers are paying attention to study the non-Newtonian fluids in their
investigations. In literature many non-Newtonian fluids was investigated, one of them is Casson
fluid. In 1959 the Casson have presented this fluid model. Oka [3] was the first researcher who
used the Casson fluid model in tube problem. Casson fluids examples are blood, honey, soup,
stuffs, jelly, artificial fibers, slurries, etc. Casson fluids have various industrial, engineering and
medical applications [4]. The investigation of Casson fluid with magnetohydrodynamic (MHD)
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flow over a shrinking plate is reported by [5]. The comparison of heterogeneous–homogeneous
reaction of Casson fluid is presented by [6]. After that transfer of heat analysis in Casson fluid is
investigated by [7]. Recently, many researchers have investigated the Casson fluids in their papers.
Some of them are [8–12]. In addition, Casson fluid with MHD free convection flow is investigated
by [13], over a vertical plate. Some interesting articles related to free convection Casson fluid can
be found in [14–17], and the references therein. The investigation of mass and heat transfer for
Casson fluid with the effect of MHD on a stretching surface is investigated by [18]. The radiation
analysis of MHD Casson fluid with free convection flow in a porous medium is examined by [19].
They also examined the influence of viscous dissipation for the same problem. Narahari et al. [20]
and Seth et al. [21] studied Unsteady MHD free convection flow past through a vertical plate,
while in [22] analyze a discussion on the similar solutions. Recently Mohamad et al. [23] examine
the influence of wall shear stress for MHD Casson fluid through an Upright Plate in the existence
of Porous Medium. The force applied per unit area by the wall in a way of local tangent
plane on the fluid is known as wall shear stress [24]. The significant role of wall shear stress
in the focal distribution of atherosclerotic lesions, endothelial homeostasis and much application
in medical side [25,26]. Due to its application the researchers are attract to study the wall shear
stress in their study. Rubbab et al. [27] examined the flow of natural convection of viscous fluid
adjacent to a perpendicular plate that spread over a shear stress. he obtained the exact solution via
Laplace transform. Furthermore, the influence MHD conjugate flow of wall shear stress through
an inclined plate in a porous medium is investigated by [28]. Recently, the same author investigates
the irreversibility analysis for MHD flow, with arbitrary shear stress through a perpendicular
plate in the existence of porous medium [29]. However, up to date in the literature no one is
studded the heat transfer of Casson fluid with arbitrary shear stress over a vertical plate and
exponential heating.
The goal of this paper is to inspect the exact study of heat transfer of Casson fluid through
a perpendicular plate with random shear stress at the bounding wall which at the same time
executing exponential heating. The problem is solved for exact solution via integral transform
of Laplace. The special cases are also derived from the general solution. The outcomes for
temperature and velocity are schemed and discussed graphically.
2 Mathematical Development of Momentum Transfer and Heat Transfer
Unsteady Casson fluid with mixed convection is considered. The flow is due to the arbitrary
shear stress and natural convection through an unbounded vertical plate. The plate is heated
exponentially. y-axis is normal to the plate on x-axis.
At beginning the fluid as well as plate are at rest with constant temperature ∞ . At t ≥ 0, the
temperature is upraised to ∞ + w 1 − ae−bt . Variable shear stress f0 (t) is applied to the fluid.
The effect of viscous dissipation and convective terms of the velocity are considered as negligible.
Keeping in mind the Boussinesq approximations and the boundary layer, the governing equations
are formed as [20–22]:




1 νϕ
∂u (y1 , t)
1 ∂ 2 u (y1 , t) σ B02
−
=ν 1+
u (y1 , t) − 1 +
u (y1 , t) + gβ ( − ∞ ) ;
∂t
β
ρ
β K
∂y1 2

y1 , t > 0,
(1)
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∂ (y1 , t)
k ∂ 2  (y1 , t)
;
=
∂t
ρcp ∂y1 2

y1 , t > 0,

(2)

Figure 1: Physical model of the flow
The physical boundary conditions are:
u (y1 , t) = 0,

 (y1 , t) = ∞ ;


∂u (y1 , t) 
= f0 (t) ,
∂y1 y1 =0
u (y1 , t) → 0,



 (0, t) = ∞ + w 1 − ae−bt ;

 (y1 , t) → ∞

⎫
⎪
⎪
⎪
⎪
⎪
⎪
⎬

t = 0, y1 ≥ 0,

as y1 → ∞,

t > 0,⎪ .
⎪
⎪
⎪
⎪
⎪
⎭

(3)

where ν, β, ρ, σ , ϕ, k, β , B0 , g, , cp and K are kinematic viscosity, Casson fluid parameter,
density of fluid, electrical conductivity of the fluid, porosity, thermal conductivity of the fluid,
Temperature expansion coefficient, magnetic parameter, gravitational acceleration, temperature
profile, specific heat at constant temperature and permeability respectively. Also , b > 0 and a ≥ 0
are constants.
The appropriate dimensionless variables are,
u∗ = u

t0
,
ν

y1
y∗1 = √ ,
νt0

t∗ =

t
,
t0

θ=

 − ∞
,
w − ∞

 


f ∗ t∗ = f0 t0 t∗ ,

Into Eqs. (1)–(3), we get, for simplicity drop the * sign.


∂u (y1 , t)
1 ∂ 2 u (y1 , t)
− Hu (y1 , t) + Grθ; y1 , t > 0,
= 1+
∂t
β
∂y1 2
∂ 2 θ (y1 , t)
∂θ (y1 , t)
= Pr
;
∂t
∂y1 2

y1 , t > 0,

∗ = t0 ,

b∗ = bt0

(4)

(5)
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u (y1 , t) = 0,

θ (y1 , t) = θ∞ ;


∂u (y1 , t) 
= f (t) ,
∂y1 y1 =0
u (y1 , t) → 0,

t = 0, y1 ≥ 0,

θ (0, t) = 1 − ae−bt ;

θ (y1 , t) → 0 as

y1 → ∞,

⎫
⎪
⎪
⎪
⎪
⎪
⎪
⎬
t > 0,⎪ .
⎪
⎪
⎪
⎪
⎪
⎭

(6)

3

σ B02 t0
μcp
gβ ( − ∞ ) to2
νϕt0
1
where Gr =
√
, kp =
, c1 = 1 + , H = c1 kp + M, Pr =
, M=
ρ
K
β
k
ν
kp , Pr Gr and M are pours medium permeability, Prandtl number, thermal Grashof number
and magnetic parameter.
3 Problem Solution
By Laplace transform the exact solution of the Eqs. (4) and (5) under conditions (6) are:


√
√
√
√
√
√
Pr
2e−bt iy1 √b Pr
y1 Pr
y1 Pr
y
1
√
−
√ + i bt + e−iy1 b Pr erfc
√ − i bt
erfc
,
θ (y1 , t) = erfc
e
2
2 t
2 t
2 t
(7)
And the corresponding Nusselt number is obtained as
√ 


√ 
√
∂θ (y1 , t) 
Pr
−bt
+ 2i b Prerf i bt .
1 + 2e
Nu = −
=√
∂y1 y1 =0
πt

(8)

and the velocity profile is
u (y1 , t) = um (y1 , t) + uc1 (y1 , t) ,

(9)

where
−
um (y1 , t) = √
B

uc1 (y1 , t) = c3



∞

0

t
0

−y1 2 B
4s

e−c1s · e
f (s − t) ·
√
πs

ds,

(10)
2

 e−c1 s ·e− y14s B

c2 (s−t)
ds
e
erf
c2 (s−t)
√
πs
∞ √


+c3c4

c2 e

0
∞ √

 −c1 s − y1 B


1
·e 4s
e
ds
erf
c2 (s−t) + √
√
πs
π (s−t)
2

c2 (s−t)

 −c1 s − y1 B


·e 4s
1
e
b(s−t)
ds
be
erf
b(s−t) + √
√
−c3c4
πs
π (s−t)
0

 √ 
 √

 √

√
y1 pr
y1 pr √
y1 pr √
c3
e−c2 t iy1 √pra
−iy1 pra
e
erfc
erfc
−c5
√ +i at +e
√ −i at + erfc
√
2a
a
2 t
2 t
2 t
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 √

 √


√
y1 pr √
y1 pr √
e−c2 t iy1 √prc2
−iy1 prc2
+c4
erfc
erfc
e
√ +i c2 t +e
√ −i c2 t
2
2 t
2 t

 √

 √

√
y1 pr √
y1 pr √
e−bt iy1 √prb
−iy1 prb
−c4
e
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√ +i bt +e
√ −i bt .
2
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where
β
B=
,
β +1
c4 =

a
,
c2 − b


H =B
c5 =



1
1+
kp + M ,
β

H
c1 = ,
B

H
c2 =
,
Pr −B

√
BGr pr
c3 = √
,
B (Pr −B)

−BGr
Pr −B

Figure 2: Influence of β on profile of velocity

Figure 3: Influence of M on velocity profile

(11)
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4 Graphical Discussion
The different physical parameters analysis for velocity and temperature is schemed graphically
and discussed by using Mathcad-15 software. The influence of Casson parameter β is highlighted
in Fig. 2, an increase in β values leads to decrease in velocity profile. It is because, for the large
values of β decrease the velocity boundary layer thickness which make decrease velocity profile.
The impact of magnetic parameter is shown in Fig. 3 for the greater value of M velocity profile
is reduced, it is actually true the fact is that, increase of M mean to rise the Lorentz force which
makes to decline the velocity of the fluids.

Figure 4: Influence of Gr on velocity profile

Figure 5: Influence of kp on velocity profile
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The Gr effects on the velocity is show in Fig. 4, where an increase is detected in velocity for
large values of Gr. In reality the buoyancy force is increase for greater values of Gr and decrease
in viscose force, resulting the velocity profile is increase. Fig. 5 is highlighted the influence of kp
on velocity, the decreasing effect on velocity is observed with the increasing of kp .

Figure 6: Influence of Pr on velocity profile

Figure 7: Influence of Pr on the temperature profile
Fig. 6 shows the influence of Pr on velocity profile, it is observed that increase of Pr, decrease
the velocity profile. The influence of Pr is shown in Fig. 7 on temperature profile. The temperature
profile is decrease for greater of Pr. Because the large values of Prandtl number decrease the
fluid thermal conductivity and thickness of thermal boundary layer. Which makes to decrease the
temperature as well as the velocity profile. The influence of β, M, Gr, Kp and Pr on velocity and
temperature profile are identical to the results gained by [30].
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5 Conclusions
The exact analysis for mixed convection Casson fluid is obtained. Where the plate exhibits
arbitrary wall shear stress at the boundary over a vertical plate. Heat transfers because of exponential plate heating is also considered. The main equations with suitable initial and boundary
condition is recognized for temperature and velocity. The Laplace technique is used to find
the exact solution for velocity and temperature profile. The effects of different parameters are
discussed graphically for temperature and velocity. The main conclusions are derived from this
article are:
(1) The embedded parameters β,M, kp , Pr is the source which leads to decline the velocity
profile where the Gr is leads to rise the velocity of fluids.
• The Pr is also the decreasing factor for temperature profile.
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