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Modeling and Numerical Computation of Necking in Round Bars Using a Total
Lagrangian Elastoplastic Formulation
A. Le van1 , P. Le Grognec1

Abstract: Necking is a bifurcation phenomenon observed in round bars under tensile loading and has
been investigated in numbers of papers. In the present
work, it is modeled within the framework of finite rateindependent plasticity. The theory is based on thermodynamic foundations developed for standard materials and
results in a total Lagrangian formulation for finite plasticity, where the total strain is decomposed additively according to [Green and Nagdhi 1965)] and the hardening
is characterized by a nonlinear isotropic hardening law of
the saturation type.
The discretization and consistent linearization of the
elastic-plastic equation set using the standard finite element procedure lead to a low-cost algorithm, robust
enough to deal with necking problems.
The numerical computations of necking are performed
on cylindrical bars with various boundary condition types
and the corresponding results compared with those obtained in the literature.
keyword: elastoplasticity, necking bifurcation, total
Lagrangian formulation, finite element analysis
1 Introduction

by [Simo (1988)], [Simo (1992)], [Simo and Hughes
(1998)] and [Brünig (1998)], providing further results on
necking. The numerical solution by Simo necessitates
mixed finite elements, moreover the line search method
is used to get across the limit point.
Whereas most papers considered a cylindrical circular
bar with both ends assumed to be shear free, [Needleman (1972)] dealt with two types of boundary conditions,
shear free ends and cemented to rigid grips ones. [Brünig
(1998)] went further by also considering the whole tensile specimen with shear free stiff heads and then compared the results corresponding to the three cases.
Most of the previous investigations were performed
within the framework of finite rate-independent plasticity, assuming a yield criterion in the stress space and an
isotropic hardening. Outside this context, analyses using
the strain space representation of the finite plasticity were
proposed by [Besdo (1987)] and [Simo (1988)]. Other
nontraditional approaches can be used to successfully
solve the necking problem, as shown by [Atluri and Murakawa (1980)], using a modified complementary energy
principle instead of the conventional principle of virtual
work. Also, the integral equation method was shown
to be capable of solving bifurcation and post-bifurcation
problems, see [Okada, Rajiyah and Atluri (1990)].
On the other hand, thermal aspects in necking were taken
into account by [Kleiber (1992)] who presented a simple
solution scheme for elastoplasticity as well as thermoelastoplasticity. Also, one can use none of finite plasticity
but a viscoplastic type constitutive law in small strains in
order to describe necking behavior in viscoplasticity, e.g.
see [Rappaz, Bellet and Deville (1998)].

Necking is an bifurcation phenomenon observed in circular cylindrical bars under tensile loading and has been
investigated in numbers of works for its theoretical modeling and numerical computation. The pioneering papers dated back to the 70’s and were due to [Needleman
(1972)], [Argyris and Doltsinis (1979)]. A lot of significant results were obtained in these works, although the
computed necked configurations did not resemble experimental observations. Later, [Besdo (1987)] was among In the present work, necking is studied within the framethe first to give a realistic necking shape. More recently, work of finite rate-independent plasticity. The theory
studies using other formulations have been developed is based on thermodynamic foundations established for
generalized standard materials [Halphen and Nguyen
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ticity. The total strain is decomposed additively according to [Green and Naghdi (1965)]. The yield function is
of von Mises type and depends on the symmetric PiolaKirchhoff stress tensor. The hardening in the material is
characterized by a nonlinear isotropic hardening law of
the saturation type, as in [Simo (1988), Part II] and [Simo
(1992)]. However, here it relates Lagrangian (material)
variables, namely the Lagrangian hardening variable and
the Lagrangian effective plastic strain.

symmetric too, see [Green and Naghdi (1965)], [Casey
and Naghdi (1980)].
In a quasi-static process, the equilibrium equation reads
~ (F:Σ) + ρ ~f = ~
div
0
0 0

(3)

where F is the deformation gradient, Σ the second PiolaKirchhoff stress tensor (symmetric), ρo the reference
mass density and~fo the body force. The product Π = F:Σ
The numerical implementation using standard finite el- is the first Piola-Kirchhoff stress tensor, it is not symmetement analysis is simple and yet robust enough to ac- ric whereas Π:F T is.
curately reproduce the necking phenomenon. The local
The total Lagrangian formulation presented herein is
integration of the elastic-plastic equation set is carried
based on thermodynamic foundations developed for the
out using the fully implicit integration scheme (backward
so-called generalized standard materials [Halphen and
Euler difference scheme), which ensures both the stabilNguyen (1975)], [Germain, Nguyen and Suquet (1983)].
ity and the symmetry of the consistent tangent modulus.
Within this framework, we consider that the state of any
The numerical computations of necking are carried out
particle and at any time is characterized by the following
both on shear free end bars including an initial small
p
geometrical defect and geometrically perfect bars with state variables : the total strain E, the plastic strain E
gripped ends. The corresponding results are then dis- and another internal variable to account for the deformacussed in some detail and compared with those obtained tion history, represented by the scalar hardening variable
denoted by α.
in the literature.
To complete the equation set for the time-independent
elastic-plastic problem, we shall provide the state laws
2 Theoretical background
together with the evolution laws. The state laws give the
Let us consider a three-dimensional continuum body symmetric stress Σ and the thermodynamic conjugate A,
which at initial time to occupies a region Ωo bounded by dual of the hardening variable α, by differentiating the
surface So and assume that the body undergoes a quasi- free energy per unit volume w
static elastic-plastic transformation. The initial config∂w
uration Ωo will be chosen as the reference one and the Σ = ∂w
(4)
A=
e
∂α
equations of the problem expressed using Lagrangian
∂E
variables relative to this configuration.
As usual, the stored-energy w is assumed to be the sum
The motion of the body in the Lagrangian description
of the elastic energy we -function of the elastic strain
e
is defined by the displacement field denoted by ~U. The
E only - and the hardening energy wα - function of the
deformation inside the body is measured by the Green
hardening variable α
strain tensor defined in terms of the displacement
E=


1
grad ~U + grad T ~U + grad T ~U:grad ~U
2



(1)

e

w E ;α



=w

e



E

e

α

+ w (α)

(5)

For metals, we can assume small elastic strains and
According to [Green and Naghdi (1965)], [Green A. E.; choose the elastic energy as a quadratic function of the
Naghdi P. M. (1971)], the strain tensor E is decomposed elastic strain
additively as
 e 1 e
e
1
e
E = E : D̃ : E = Eeji Di jk Eek
(6)
w
e
p
2
2
E = E +E
(2)
where D̃ = 2µĨ + λJ̃ denotes the isotropic elasticity tensor
p
where the so-called plastic strain E is assumed to be (Ĩ is the fourth-order identity tensor, I˜ =~ei ~e j ~e j ~ei ,
e
symmetric and objective, so that the elastic strain E is J̃ = I I, I the second order identity tensor). In order to
`

`
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describe nonlinear hardening effects, the hardening en- 3 Numerical implementation
ergy is chosen as a function containing exponential terms
In order to numerically solve the above stated elastoplas

1
exp ( c3 α)
α
2
tic problem in the context of the finite element method,
w (α) = c0 α + c2 α + (c1 c0 ) α +
2
c3
it is more convenient to replace the equilibrium equation
(7) (3) by the virtual power principle
where the coefficients ci are material-dependant constants.
8~U; RΩo Π T : grad~UdΩo RRΩo~fo~UdΩo
~
~ 
The state laws then yield the stress-strain relation and the
So U :Π:NdSo = 0
nonlinear relation between hardening variables
(12)
Σ = D̃ : E

e

= D̃ :



E

E

p

(8a)

The nominal stress vector ~T = Π:~Nrelated to the reference normal ~Nis known on the part of boundary where
(8b)
A = c0 + c2 α + (c1 c0 ) (1 exp ( c3 α))
dead loads are prescribed.
The elastic and plastic ranges at any particle in the body The discrete formulation is obtained using the followare defined by the yield function f of von Mises type, ing vector and matrix notations. A second-order tensor
depending on the symmetric stress Σ and the hardening T (symmetric or not) is represented by a column vector
variable A
fTg of nine components as follows



f Σ; A



q

=

3
2

σ0

S

A

(9)

fTgT = fT1 T2 T3 T4 T5 T6 T7 T8 T9gT
T
= fT11 T21 T31 T12 T22 T32 T13 T23 T33g
;

;

;

;

;

;

;

;

;
;
;
;
;
;
;
;
where S is the deviator of stress Σ and σo the initial yield
(13)
stress.
The evolution laws result from the generalized maximum
Thus, the components of vector fTg are related to those
plastic dissipation rule and provide the plastic strain and
hardening variable rates by differentiating the yield func- of tensor T by fTgk = T pr $ k=3(r-1)+p. It should be
noted that second order tensors are represented by vection with respect to its variables
tors with nine components instead of six as usually done.
∂f
∂f
˙p
α = λ̇
(10) In fact, this representation mode, which is necessary for
E = λ̇
∂A
∂Σ
unsymmetric matrices such as the displacement gradient
where the plastic multiplier λ̇ satisfies λ̇  0 if f(Σ,A) H or the stress Π, does not entail extra computational
˙
= 0 and ∂f : Σ  0, otherwise λ̇=0. Of course, there is cost, as we shall see below. Similarly, in matrix notation,
∂Σ
a fourth-order tensor T̃ is represented by a (99) matrix
no relation between the Lamé constant λ and the plastic
[T] as follows
multiplier λ̇. Relation (10a) is the plastic flow rule and
2
3
relation (10b) the hardening law. They identically fulfill
T1111T1112T1113T1121 T1122T1123T1131T1132 T1133
the second law of thermodynamics for continua, written
6T2111T2112T2113 
     77
6
in terms of objective Lagrangian quantities.
6T3111T3112T3113
7
:

p

Since the plastic strain E is a Lagrangian variable, its
rate is obtained by ordinary differentiation with respect
to kinematic time t. There follows from relations (9)(10) that the hardening rate is equal to the Lagrangian
equivalent plastic strain rate

r

α̇ = Ṗ =

:

2
3

p

:

E :E

p

6
6T1211
6
[T] = 6
6T2211
6T3211
6
6T1311
6
4T2311
T3311




















7
7
7
7
7
7
7
7
7
5

(14)

(11)

Relations (1)-(3), (8)-(10) form a coupled system of 30 Explicitly, the components of matrix [T] are related
scalar partial differential equations with 30 scalar un- to those of tensor T̃ by Tk =T prqs $ k=3(r-1)+p, `=3(se
p
1)+q.
knowns ~U, E, E , E , Σ, A, α, and λ̇.
`
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E

Within an element with nne nodes (nne = node number where h=∂2 wα /∂α2 , µ is the shear modulus, S the devia  
p 
of the element), the displacement gradient H  grad~Uis tor of the elastic trial stress, SE  2µ dev E
En 1 .
approximated by
The subscript (n-1) denotes known quantities at the prefHg = [G]fUge
(15) vious time step. The plastic multiplier increment ∆λ obtained at convergence allows us to update the unsymmetIn the above relation, vector fHg has 9 components,
fUgeis the vector of element nodal displacements with ric stress Π by using relation Π = F:Σ and
r
E
3nne components, matrix [G] is of dimension (93nne)
 
E
3
S
1
and defined by
∆λ
Σ=S
2µ
+ (3λ + 2µ) trE I
(20)
E
2
3
2
3
S
N1 1 I 3 N2 1 I 3
Nnne 1I3

4

;

;

;

Nnne 2I3 5
On the other hand, the solution convergence at each iterNnne 3I3
(16) ation requires computing the consistent tangent modulus
∂Σ=∂E
where Ni are the usual shape functions and I3 denotes the
1
0
unit matrix of the 3rd order.
q
E
E
E
E
2
˜
6µ S S
∂Σ
3 ∆λ @ ˜
2
I 3J S E S2 A
Note that matrix [G] does not depend on the nodal dis- ∂E = D̃ 3µ+h E 2 4µ
2 E
S
S
S
placements. Moreover, it has the advantage of being
sparse and regularly populated. This allows us to com(21)
pute the internal force vector as well as the tangent matrix
in a simple and efficient way, as shown in proposition 2 Eventually, the consistent tangent tensor ∂Π=∂F entering
in the construction of global structural tangent matrix is
below.
The discretization and consistent linearization of the derived from the above tensor ∂Σ=∂E by means of the
elastic-plastic equation set lead to a nonlinear matrix sys- following proposition.
tem which can be solved by a incremental procedure. Proposition 1
The convergence at every time step requires a Newton By using an appropriate change of variables, the followtype iterative scheme. Within each iteration, the local ing symmetry condition can always be satisfied for the
integration of the elastoplastic equations set (8)-(10) is
expression of stress Σ : 8T (not necessarily symmetric),
carried out in order to compute the stress Π and the con



T
sistent tangent tensor ∂Π=∂F corresponding to a given Σ T; state at t
(22)
n 1 = Σ T ; state at tn 1
strain increment ∆E. Then we can build up the element
internal force vector and the element tangent matrix de- Then one has
fined as
Z
∂Σ T
∂Π  T
= Ĩ:Σ
+ F:
:F
(23)
fΨge = [G]T fΠgdΩo
(17)
e
∂F
∂E
[G ]

e

[K ] =

N1 2 I 3 N2 2 I 3
N1 3 I 3 N2 3 I 3
;

;

;

;

∂ fΨge
∂ fUge

Z
=

T

e

[G] [

:

:

:

;
;

It can be shown that the above discretization pro(18) cedure leads to existence of a discrete potential


 

∂Π
][G]dΩ0
∂F

T

= ∂w̃ F =∂F. We deThe local integration procedure is formally the same as
in small strains, the rate equations are discretized us- duce
 thattensor∂Π=∂F possesses themirror symmetry :
ing the fully implicit integration scheme (backward Euler ∂Π=∂F
= ∂Π =∂F
and that its matrix represeni jkl
lk ji
scheme) and we get the correction for the plastic multitation [∂Π=∂F] is symmetric. From (18) there follows the
plier at the k-th local iteration [Simo and Taylor (1985)]
symmetry of the tangent consistent modulus.

q

δλ

(k )

=

∆λ

(k

1)

+

3
2

S

E

σo

3µ + h

w̃ F; state at tn

An

1

1

such that Π

To end this section, let us note that one can take advan(19) tage of the sparse and regular nature of matrix [G], Relation (16), in order to prove the following proposition and

Modeling and numerical computation of necking in round bars using a total Lagrangian elastoplastic formulation

67

remarkably reduce the operation number for the computation of the element internal force vector fΨge and the
element tangent stiffness matrix [K]e , Relations (17) and
(18).
Proposition 2
8i, j2f1, : : : ,3nneg,
Ψei =

Z

e

Na r Π3(r
;

Z

Keij =

e

Na r
;

1)+ pNb;s dΩo

∂Π pr
Nb s dΩo
∂Fqs
;

(24)

(25)

where implicit summations are made over r, s2f1,2,3g,
whereas integers a, b2f1, : : : ,3nneg, and p,
q2f1,2,3gare expressed in terms of integers i, j by
a=Int( i+3 2 ), b=Int( j+3 2 ), p=i-3(a-1), q=j-3(b-1)
(Int=Integer part of)

a. Mesh no. 1
(4 x 125 elements)

b. Mesh no. 2
(4 x 400 elements)

Figure 1 : Perfect bar with gripped ends. Initial and final
meshes.

Relations (24) and (25) show that computing the element
internal force vector and the element tangent stiffness
the numerically derived load-displacement curve best apmatrix is not so tremendous a task.
proximates the experimental curve of a given standard
steel (XC48C) : c0 =0 (no initial hardening), c1 =220MPa,
4 Numerical results
c2 =-560MPa and c3 =15.
4.1 Geometry and boundary conditions
4.3 Meshes
The numerical computations are performed on a circular
cylindrical bar of initial length 2`0 =48mm and of initial Because of obvious symmetry, we only have to consider one quarter of the specimen the length of which is
radius r0 =4mm.
Concerning the boundary conditions, the bar is modeled `0 =24mm. For each boundary condition type, the numerical computations are carried out using two axisymmetric
in two ways :
meshes (Figure 1) :
(i) The first one is most commonly adopted in the literature. During the loading process, the ends of the bar (i) A coarse mesh with 125 axisymmetric eight-node
remain shear free so that the radial displacement thereat quadrilaterals.
is not prevented. To trigger the initiation of necking, (ii) In order to check the sensitivity of the numerical
an axisymmetric geometric imperfection is introduced in results to mesh refinement, another computation is pershape of a full cosine wave with an amplitude of 1% of formed over a finer mesh with 400 elements, figure 1b.
the initial radius.
4.4 Numerical results in the case of the shear free end
(ii) Another way to compute the necking behavior is to
bar with imperfection
consider a geometrically perfect bar with its ends cemented to rigid grips, as in [Needleman (1972)] and The bar is subjected to axial end displacements corre[Brünig (1998)]. Note that in this case there is no need sponding to a maximum relative elongation of 23% atof a geometrical defect for the onset of necking.
tained after 25 time steps and Figure 1 shows the undeformed and final configurations.
4.2 Material properties
With the 125- and 400-element meshes, on average 4 it11
The Young modulus is E=2.10 Pa, the Poisson ratio erations are necessary to satisfy the convergence tolerν=0.3 and the initial yield stress σ0 =400MPa. The co- ance of 1.e-6, with a peak of 8 iterations just after going
efficients of the hardening law (8b) are so adjusted that through the limit point on the load-displacement curve
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Figure 2 : Load-displacement curves
shown in Figure 2. As a matter of fact, the plots corresponding to the coarse and the finer meshes are found to
be indistinguishable, thus validating the insensitivity of
the numerical results to mesh refinement.
The load-displacement curve representing the tensile
load F versus the axial end displacements UB is shown
in Figure 2. The tensile load, after reaching its maximum
value equal to 1.48 times the elastic yield force, decreases
when the necking takes place. For a relative elongation
of 23%, it falls down to 76% of its maximum value.
For comparison, we also perform the computations over
a perfectly cylindrical bar. As expected, this bar remains
cylindrical during the whole deformation process and
the necking never takes place. The corresponding tensile force plotted in Figure 2 attains its maximum value
later than the imperfect bar and very slightly decreases
afterwards. We also find that bifurcation occurs about
the maximum load point, as in [Needleman (1972)] and
[Brünig (1998)], although the precise location of bifurcation point is not known. It is noteworthy that the maximum load point (1.48 times the elastic yield force) and
the bifurcation point (engineering strain of 16% approximately) are very close to those obtained by [Okada, Rajiyah and Atluri (1990)] for the necking of a tensile plate
in plane strain.

Figure 3 : Necking radius vs. axial elongation
is almost homogeneous and the bar remains cylindrical.
However, beyond a certain elongation the radial displacement becomes suddenly more pronounced in the central
region of the bar, and eventually the high concentration
of strain there leads to necking phenomena.
The curve in Figure 3 giving the central cross-section radius versus elongation is tangent as expected to that of
the geometrically perfect bar, which is virtually a straight
line.

Beyond an engineering axial strain of 15% the former
rapidly deviates from the latter, and at an elongation of
23% the current radius drops to about 36% of its initial
value. This behaviour is very close to the numerical and
experimental results depicted by [Simo (1988)] although
the material considered and particularly the formulations
adopted in the previous reference and the present work
are quite different. The curve shown in Figure 3 can also
be compared with that computed by [Brünig (1998)], yet
noting that the last Reference gives the change in crosssection area instead of the change in cross-section radius.
Figure 4 shows the evolution of the plastic region at different deformation stages of the imperfect shear free end
bar. The plastic deformation begins in the central region
when the axial elongation UB =`o is equal to σo /E=0.2%
(Figure 4a), and it rapidly sweeps through the whole bar
afterwards. Up to an elongation of 15% - i.e. until the
Now let us look at the change in the radius of the central maximum load level (see Figure 1) - the bar still remains
cross-section of the bar which is an essential indicator of entirely plastic (Figure 4b). Yet immediately after - at
the necking behavior. At the beginning, the deformation 16% elongation - there suddenly occurs a remarkable de-
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(a) 0.2%
elongation

(b) 15%
(maxi load)

(c) 16%

(d) 23%

a. Mesh no. 1
(4 x 125 elements)
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b. Mesh no. 2
(4 x 400 elements)

Figure 4 : Geometrically imperfect bar with shear free Figure 5 : Perfect bar with gripped ends. Initial and final
ends. Evolution of plastic regions (shaded area)
meshes.
be noted that [Needleman (1972)] and [Brnig (1998)]
also considered another manner to simulate the necking,
by taking a geometrically perfect bar with its ends cemented to rigid grips. For comparison, we take up again
the numerical computations with these new geometry and
The changes in the shape of the plastic zone observed boundary conditions.
above agree qualitatively well with those depicted in With the coarse mesh (125 elements) the maximal en[Brünig (1998)]. However, in the last Reference the plas- gineering strain of 23% requires 25 time steps, whereas
tic zone decreases more rapidly, for instance at 20% elon- with the finer mesh (400 elements) it requires one more
gation of the bar it is virtually concentrated in the central step, just to get across the limit point when the load
1/10th of the bar length. Elastically unloaded regions are reaches its maximum value. Apart from this slight difalso detected in the necking of a tensile plate in plane ference in computational effort, all the curves resulting
strain, as shown in [Atluri and Murakawa (1980)], and from the two meshes are quite identical.
their spread is quite similar to that depicted in Figure 4. Figure 5 shows the undeformed and final configurations.
The maximum value of the Lagrangian equivalent plas- Here the gripped end boundary conditions act as an altertic strain P (see Equation (11)) at the final elongation of native geometrical imperfection and allows the necking
23% amounts approximately to 87% and is found on the bifurcation from the uniform tensile stress state. Despite
lateral surface, in the immediate vicinity of the central the evident difference in the deformed shapes, the loadcross-section of the bar. At the same time, the minimum displacement curves shown in Figure 2 are almost the
value of P is about 13%, at a point on the circumference same for the gripped and free end bars.
of the end sections.
In contrast, Figure 3 shows that the change in the crosssectional radius in the necked region is rather different
4.5 Numerical results in the case of the gripped end : in the case of the perfect bar with gripped ends, the
change in the central cross-section radius is slower on
perfect bar
the end part of the curve. At an elongation of 23%, the
So far the ends of the bar are shear free and the onset radius is equal to 44% of its initial value instead of 36%
of necking is due to an initial small geometrical defect, as in the case of shear free ends.
as most commonly modeled in the literature. It should
crease of the plastic zone (Figure 4c). For larger extensions of the bar, bifurcation has occurred and unloading
proceeds rapidly. At the final elongation of 23% only the
central necked region of the bar remains plastic whereas
all other parts are unloaded elastically (Figure 4d).
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The necking radius curves in Figure 3 are different from
those given in [Needleman (1972)]. However, they compare very well with those in [Brünig (1998)]. Note that
in the last Reference another geometry - more realistic
- was also studied, which is a whole cylindrical tensile
specimen with two shear free thick ends. This geometry
is not considered in the present work, but according to
[Brünig (1998)] the results of the griped end perfect bar
must be identical to those of the whole specimen.
Figure 6 shows that the evolution of the plastic zones for
the gripped end perfect bar differs notably from that of
the shear free imperfect bar, especially at the beginning.
When the axial elongation UB =`o is equal to σo /E=0.2%,
there exist separate plastic zones of different sizes in the
gripped end bar. The small plastic zones, hardly visible
in Figure 6a, are situated on the end cross-sections and
near the lateral surface. The much larger plastic zones lie
around the axis, between the central cross-section and the
ends of the bar. As the overall extension increases, these
plastic zones grow up together and eventually becomes
connected. When the maximum load is reached - i.e. at
about 15% elongation (see Figure 1) - the entire bar is
plastically loaded, except for two small regions near the
ends that will remain elastic throughout the whole range
of straining (Figure 6b). Just after, with a 1% additional
elongation only, unloading takes place and then regularly
spreads out (Figure 6c). At the final elongation of 23%,
the plastic zone is reduced to the central region of the bar,
over a volume slightly smaller than that of the shear free
end imperfect bar (Figure 6d).

(a) 0.2%
elongation

(b) 15%
(maxi load)

(c) 16%

(d) 23%

Figure 6 : Perfect bar with gripped ends. Evolution of
plastic regions (shaded area)
5 Conclusions
It is the purpose of this work to show the ability of
the proposed formulation of finite elastoplasticity to deal
with necking bifurcation problems. Below are summarized the main features of the theoretical and numerical
formulations. Besides, further comments are also added
on the results obtained in the preceding sections.
(i) The proposed theory is based on thermodynamic foundations established for generalized standard materials
and results in a total Lagrangian formulation for finite
plasticity. Since all relations are expressed in terms of
Lagrangian variables, the material frame indifference is
automatically satisfied within this formulation. The deformation history in the material has been characterized
by a nonlinear relation of the saturation type between the
isotropic hardening variable and its conjugate, Equation
(8b).

The development of plastic zones shown above is very
close to that described in [Needleman (1972)]. In particular, as in the quoted Reference, we also observe separate
plastic zones which become connected, and the existence
of small regions near the ends which remain continuously
elastic. In the case of the gripped end perfect bar considered here, less details are given in [Brünig (1998)] for the
beginning of the plastic zones evolution, however for the (ii) The numerical implementation using standard finite
final stage all the results are again in quite good compar- element analysis is simple and yet robust enough to acison.
curately reproduce the necking phenomenon. Written
The maximum value of the Lagrangian equivalent plas- in terms of the Green strain tensor E and the symmettic strain P at the final elongation of 23% amounts ap- ric Piola-Kirchhoff stress tensor Σ, the local integration
proximately to 83% and is found on the lateral surface, a procedure is formally the same as in small strains. The
little bit farther from the central cross-section of the bar rate equations are discretized using the fully implicit intethan in the case of the shear free end imperfect bar. Of gration scheme (backward Euler scheme), which ensures
course, the equivalent plastic strain P remains zero at the both the stability and the symmetry of the consistent tanfew points near the ends that remain elastic throughout. gent modulus. In computing the global tangent matrix,
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the update of matrix [∂Π/∂F] is made by means of Rela- general problems in finite displacements and plastic
strains, including limit point instabilities and bifurcation
tions (21) and (23).
On the other hand, Relations (24) and (25) show that points. First results due to these enhancements have been
computing the element internal force vector and the el- obtained for the pinched cylinder modeled with shell eleement tangent stiffness matrix is not a highly time- ments in finite plasticity [Le Grognec and Le van (2000)].
Further investigations to treat static plastic buckling of
consuming operation.
shell-type structures are being developed.
(iii) The numerical computations of necking are carried
out both on imperfect bars with shear free ends and geoReferences
metrically perfect bars with rigid gripped ends.
For each boundary condition type, the numerical computations carried out using a coarse and a finer meshes are
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