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Effective Condition Number for Boundary Knot Method
F.Z. Wang1 , L. Ling2 and W. Chen1,3

Abstract:
This study makes the first attempt to apply the effective condition
number (ECN) to the stability analysis of the boundary knot method (BKM). We
find that the ECN is a superior criterion over the traditional condition number. The
main difference between ECN and the traditional condition numbers is in that the
ECN takes into account the right hand side vector to estimates system stability.
Numerical results show that the ECN is roughly inversely proportional to the numerical accuracy. Meanwhile, using the effective condition number as an indicator,
one can fine-tune the user-defined parameters (without the knowledge of exact solution) to ensure high numerical accuracy from the BKM.
Keywords: boundary knot method, effective condition number, traditional condition number.
1

Introduction

In recent years, a variety of boundary meshless methods have been introduced,
such as the method of fundamental solutions (MFS)[Fairweather and Karageorghis
(1998);Young, Tsai, Lin, and Chen (2006);Chen, Karageorghis, and Smyrlis (2008)],
boundary knot method (BKM) [Chen and Tanaka (2002);Chen and Hon (2003);Wang,
Chen, and Jiang (2009)], boundary collocation method [Chen, Chang, Chen, and
Lin (2002);Chen, Chen, Chen, and Yeh (2004)], boundary node method [Mukherjee and Mukherjee (1997);Zhang, Yao, and Li (2002)], and regularized meshless
method [Young, Chen, and Lee (2005);Young, Chen, Chen, and Kao (2007);Chen,
Kao, and Chen (2009)]. All these methods are of the boundary type numerical
technique in which only the boundary knots are required in the numerical solution
of homogeneous problems.
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Despite the evident merits of the MFS being integration-free, super-convergent, and
easy-to-use [Golberg and Chen (1998);Li (2001);Qin, Wang, and Kompis (2009)],
the method also has perplexing drawbacks in requiring fictitious boundary outside
the physical domain. The artificial boundary is somewhat arbitrary and not trivial
to determine without prior knowledge of problems of interest, which causes the
method less applicable to practical engineering problems with complicated boundary geometry and multiply-connected domains.
To overcome the above-mentioned problems in the MFS, Chen and coworkers
[Chen and Tanaka (2002)] recently introduced the boundary knot method, which
uses the non-singular trial functions such as T-complete functions [Kita, Kamiya,
and Ikeda (1995)] or general solutions instead of the singular fundamental solution
in the MFS. Thus, the collocation and observation points can coincident and be
placed on the physical boundary of the problem in the BKM.
It is noted that both the MFS and the BKM are of a global interpolation approach
enjoying high convergence rate. On the other hand, their full interpolation matrix
tends to be severely ill-conditioned when using a large number of boundary knots.
Consequently, small perturbations, e.g., measurement or computer rounding errors,
in boundary data may result in an enormous divergence in the final solution.
The L2 condition number has been used to measure the conditioning of the interpolation matrix of the MFS and the BKM. Contradicting to the conventional wisdom. It is observed in many reports that even if the L2 condition number is extensively huge when using a large number of knots, the resulting numerical accuracy,
however, is surprisingly high [Liu (2008a);Liu and Atluri (2009);Liu, Yeih, and
Atluri (2009);Wang, Chen, and Jiang (2009)]. In some cases, we can get accurate
solution while the L2 condition number analysis indicates that numerical solutions
of the BKM or the MFS are not reliable. This means that the L2 condition number
negatively overestimates these global interpolation methods.
It is well known that the resulting discretization algebraic equation of the MFS
and the BKM can be expressed in the standard form Ax = b. The effective condition number is introduced to replace the L2 condition number in the estimation of
conditioning of the global interpolation methods [Chan and Foulser (1988);Christiansen and Hansen (1994);Li and Huang (2008a);Li and Huang (2008b)]. Their
difference lies in that the former considers the effect of the right hand side vector b.
In particular, reference [Drombosky, Meyer, and Ling (2009)] proposes a new effective condition number to more accurately measure the conditioning of the MFS
interpolation.
In this study, we extend the use of the effective condition number to the BKM.
Similar to the case of MFS, we find that numerical accuracy of the BKM is also
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inversely proportional to the corresponding effective condition number, that is to
−1 ), where ε
say, ECN = O(εmax
max is the maximum error in computational domain.
The ECN can also be effectively used to determine the optimal knot number with
the boundary knot method without any knowledge on the (unknown) exact solution.
This paper is organized as follows. In Section 2, the formulation of BKM is reviewed. Section 3 introduces the effective condition number, followed by Section
4 to present numerical experiments and discussions. We conclude this paper with
some remarks in section 5.
2

BKM formulation

Without loss of generality, we consider the Helmholtz boundary value problem
stated as follows:
∇2 u + λ 2 u = 0

in

u(x) = ū(x)
∂u
q(x) =
= q̄(x)
∂n

on ΓD

(2)

on ΓN

(3)

Ω

(1)

where ū(x) and q̄(x) are known functions, Ω denotes the solution domain in ℜd
with boundary ∂ Ω = ΓD ∪ ΓN where d represents the dimensionality of the space
and n the unit outward normal.
In the case λ is purely imaginary, we have the modified Helmholtz equation:
∇2 u − λ 2 u = 0

in Ω.

(4)

The non-singular general solutions of the homogeneous Helmholtz equation(1) and
homogeneous modified Helmholtz equation (4) are, respectively, given by


λ (n/2)−1
∗
un (r) =
J(n/2)−1 (λ r), n ≥ 2,
(5)
2πr
and
u∗n (r) =

1
2π



λ
2πr

(n/2)−1
I(n/2)−1 (λ r), n ≥ 2,

(6)

where J represents the Bessel function of the first kind, I denotes the modified
Bessel functions of the first kind, and r means the Euclidean norm distance. In
the BKM, all collocation knots are placed only on physical boundary and can be
used either as source or response points which cures the major problem of fictitious
boundary facing the MFS.
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By using the non-singular general solution(5) or (6) as the trial basis function, the
numerical solution of Eq. (1) can be represented by
N

u(x) =

∑ α j u∗n (kx − ξ j k)

(7)

j=1

where j is the index of source points on physical boundary, N denotes the total
number of boundary knots {ξ1 , ξ2 , . . . , ξN } ⊂ ∂ Ω and α j ( j = 1, . . . , N) are the
unknown expansion coefficients. By collocating boundary equations (2) and (3)
at all collocation knots {x1 , x2 , . . . , xN } ⊂ ∂ Ω, we have N equations given as
N

∑ αk u∗n (rik )

= ū(xi ), xi ∈ ΓD

(8)

= q̄(x j ), x j ∈ ΓN .

(9)

k=1
N

∑ αk
k=1

∂ u∗n (r jk )
∂n

Note that for any small wave number λ , ∇2 u±λ 2 u = 0, the so-called quasi-Laplace
equation, is a good approximation to the Laplace equation. Either non-singular
general solution (5) or (6), with sufficiently small λ , can be used to solve ∇2 u = 0.
Eqs. (8) and (9) can be written in the following N × N matrix system
Aα = b,

(10)

where A = (Ai j ) is an interpolation matrix and α = (α1 , α2 , ..., αn )T . We notice that
being a global interpolation approach, the BKM produces a highly ill-conditioned
and dense coefficient matrix, in particular when using a large number of boundary
knots, which is clearly reflected by its associated huge L2 condition number [Wang,
Chen, and Jiang (2009)]. For such ill-conditioned systems encountered in dealing with delay ordinary differential equations or nonlinear partial differential
equations, Liu et al [Liu and Atluri (2008);Liu (2008b);Liu (2009)] proposed a
fictitious time integration method.
It is worthy noting that the L2 condition number measures the conditioning of interpolation matrix by a ratio of the maximum and minimum singular values of the
interpolation matrix A. This is the worst case scenario among all possible right
hand vectors. The fixed vector b in the right hand side of Eq. (10) is usually not
the worst case in the L2 condition number. As an alternative measurement index,
the effective condition number is introduced to include the effect of the vector b
[Drombosky, Meyer, and Ling (2009)]. More details are given in the next section.

Effective Condition Number for Boundary Knot Method

3

61

Measurement of interpolation matrix conditioning

The L2 condition number of a nonsingular square matrix A in Eq. (10) is defined
by Cond(A) =k A k · k A−1 k, where the matrix 2−norm is used, the L2 condition
number can be stated as Cond(A) = σ1 /σn , σ1 and σn are the largest and smallest
singular value of A, respectively.
As a matter of fact, the matrix A can be decomposed by singular value decomposition as
A = UDV T ,

(11)

where U = [u1 , u2 , · · · , uN ] and V = [v1 , v2 , · · · , vN ] are orthogonal matrices, U T U =
V T V = IN , where IN denotes the identity matrix and D is a diagonal matrix with
diagonal elements
σ1 ≥ σ2 ≥ · · · ≥ σN ≥ 0,

(12)

where σi , 1 ≤ i ≤ N are called the singular values of A while the vectors ui and vi
are the left and right singular vectors of A, respectively.
Substituting Eq.(11) into Eq.(10), we have
N

uTi b
vi .
i=1 σi

α=∑

(13)

In some cases, the boundary data b may be disturbed by some noise. Clearly, we
should not rely solely on the L2 condition number to predict the accuracy of the
computed solution of all practical ill-conditioned BKM systems. Most importantly,
the accuracy of the BKM has an obvious dependence on the right hand vector. Since
the L2 condition number does not involve the right hand side vector b, any research
of the stability of the system regardless of the choice of b is not appropriate. In
many applications, b is problem-dependent but fixed. In this case, we are interested
in the stability of the system with this specific problem-dependent b, and are not
concerned with the worst case among all possible right hand vectors. Under these
conditions, as a tool to estimate the accuracy of the BKM, we consider the effective
condition number ECN = ECN(A, b), which is defined as follows [Drombosky,
Meyer, and Ling (2009)].
Consider a perturbed matrix system A(x + 4x) = b + 4b. We can derive
N

N

b = ∑ βi ui ,

4b = ∑ 4βi ui .

i=1

i=1

(14)
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Let β = (b1 , ..., bN )T = U ∗ b and 4β = (4b1 , ..., 4bN )T = U ∗ 4b. The solution
can be expressed in terms of the inverse of A, namely
x = A−1 b := V D−1U T b, 4x = A−1 4b.

(15)

Suppose p ≤ N is the largest integer such that σ p > 0. Then
D−1 = Diag(σ1−1 , ..., σ p−1 , 0, ..., 0).
Since U is orthogonal, we have
s
s
N
N
βi 2
4βi 2 k 4b k
) ≤
.
k x k= ∑ ( ) , k 4x k= ∑ (
σN
i=1 σi
i=1 σi

(16)

(17)

If Ax = b and A(x + 4x) = b + 4b, then
k ∆x k
k ∆b k
≤ Cond(A)
kxk
kbk

(18)

Substituting Eq.(17) into the inequality(18) results in a new error bound for Eq.(10)
with ECN, as an alternative replacement of L2 condition number
ECN(A, b) =

kbk
r 
 2 .
2
β1
σN
+ ... + σβNN
σ1

(19)

Section 4 will investigate the relationship between solution accuracy and the effective condition number.
4

Numerical results and discussions

To demonstrate the relationship between the ECN of a linear system and its accuracy of results when using the boundary knot method, several numerical results are
considered for homogeneous Helmholtz and modified Helmholtz problems. To verify the claim under the influence of noise, random number is added to the discrete
boundary conditions by
u = u+δ,

q = q+δ,

(20)

where u, q are the exact boundary values, respectively, in (2) and (3). We use the
uniform random number generator to produce random numbers Rand in [−1, 1] and
let δ = ε × Rand where ε denotes the level of the noise.
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4.1

Case 1: Helmholtz equation with noisy data

In this case, the homogeneous Helmholtz equation (1) with an elliptic domain
Ω = {(x, y) : x2 /4 + y2 = 1}√with only Dirichlet boundary is considered. Wave
number is taken to be λ = 2 with corresponding analytical solution given by
u = sin(x) cos(x). The matrix A is solely determined by the positioning of the
boundary knots, while the right hand side vector is determined only by Dirichlet
boundary data and the imposed noise level. Thus, the added noise will only affect
the right hand side vector b but not the BKM coefficient matrix.
Table 1: Elliptic domain for case 1: Number of boundary knot is N = 30, and
number of randomly distributed boundary test knots is M = 150.
Noise percent
0.0
0.001
0.005
0.01
0.05
0.1
0.5

Cond
2.74 × 1017
2.74 × 1017
2.74 × 1017
2.74 × 1017
2.74 × 1017
2.74 × 1017
2.74 × 1017

ECN
4.87 × 109
1.37 × 105
2.04 × 104
1.53 × 104
1.76 × 103
1.40 × 103
1.94 × 102

εmax
5.37 × 10−8
7.49 × 10−4
5.60 × 10−3
9.20 × 10−3
6.40 × 10−2
7.07 × 10−2
5.67 × 10−1

It is seen from Table 1 that the ECN decreases while the maximum absolute error
increases. We observe a shape drop in the effective condition number as a tiny
amount of noise is added. Even though all runs in Table 1 have exactly the same
condition number, completely different error behaviors are observed in cases with
higher noise levels.
−1 ). As more noise
The data in Table 1 strongly support the relation ECN = O(εmax
is added, the relationship becomes weaker, but by this point the effective condition
number is small enough (ECN ≤ 103 ) to indicate that the BKM solution will not be
accurate enough. This example is a proper starting point to show the relationship
between the accuracy of the BKM and the effective condition number because only
the right hand vector b is altered with all other factors, including the ill-conditioned
matrix A, stay constant.

4.2

Case 2: modified Helmholtz equation with noisy data

Similar to Case 1, the homogeneous modified Helmholtz equation (4) on a unit
square domain Ω = {(x, y)|0 < x < 1, 0 < y < 1} is solved under the influence of
noise. Two Dirichlet boundary x = 1 and y = 1 and others Neumann boundary is
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(x+y) , λ in the correspondconsidered. Accompanied with analytical solution
√u = e
ing non-singular general solution (6) is equal to 2. Number of boundary knot is
N = 116, and M = 900 domain test knots are randomly chosen over the region of
interest.

Table 2: A unit square domain with mixed boundary conditions for case 2.
Noise percent
0.0
0.001
0.005
0.01
0.05

Cond
1.72 × 1019
1.72 × 1019
1.72 × 1019
1.72 × 1019
1.72 × 1019

ECN
3.08 × 109
1.17 × 105
4.92 × 104
6.69 × 104
6.99 × 103

εmax
9.24 × 10−7
7.70 × 10−3
7.90 × 10−2
1.30 × 10−1
4.93 × 10−1

The relationship between ECN and accuracy of BKM is shown in Table 2. From
−1 ) still holds for problems with
which we can see that the relation ECN = O(εmax
mixed boundary conditions. Despite of all runs in Table 2 have exactly the same
condition number, we observe completely different error behaviors in cases with
higher noise levels. For the noise free case, the ECN is again of the order of 109
even though the condition number is two order larger than that in Case 1. Once
again, we see the drop in both ECN and maximum error once ε = 0.001 of noise
is added. As the percentage of noise added to the vector b is increased, we see in
Table 2 that the effective condition number decreases and maximum absolute error
increases in the same order of magnitude.
4.3

Case 3: quasi-Laplace equation

If the wave number λ is sufficiently small, then the general solution for (modified)
Helmholtz equations is a good approximation to that of the Laplace equation ∆u =
0. In this example, the corresponding non-singular general solution (6) can also be
used. In this case, analytical solution u = 1 is chosen. Numerical results is shown
in Table 3 with different λ . We can see that the ECN is a nice indicator to the
accuracy of such approximation.
4.4

Case 4: medium wave numbers

To investigate the Helmholtz problems with the medium wave numbers, consider
the homogeneous Helmholtz equation on a unit square domain with analytical solution
u = sin(λ x) + cos(λ y)

(21)
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Table 3: A unit square domain with only Dirichlet boundary for Case 3, number of
boundary knot is 40, test boundary knot 100.
λ
5.0e-8
5.0e-4
0.005
0.05

Cond
3.31 × 1018
5.57 × 1018
1.34 × 1018
3.54 × 1018

ECN
8.80 × 1015
9.56 × 108
1.69 × 107
1.42 × 105

εmax
1.78 × 10−15
2.98 × 10−7
2.38 × 10−6
1.70 × 10−3

We impose Dirichlet boundary on x = 1 and y = 1 and Neumann boundary on the
others. In this example, M = 400 test knots are randomly distributed over the region
of interest. We are interested in investigating the effect of varying the number of
boundary knots N.

Table 4: A unit square domain mixed boundary for case 4.
N
44
48
52
56
60
64
68

Cond
1.61 × 109
4.76 × 1011
2.00 × 1014
2.31 × 1016
4.14 × 1017
2.15 × 1017
7.77 × 1017

ECN
5.92 × 105
3.54 × 106
2.74 × 108
1.48 × 109
7.39 × 109
1.97 × 109
4.82 × 109

εmax
8.80 × 10−3
4.96 × 10−4
6.43 × 10−5
1.43 × 10−5
2.38 × 10−7
3.88 × 10−6
5.19 × 10−6

The wave number of the non-singular general solution (5) is λ = 20 for this case.
The relationship between ECN of BKM and its accuracy with increasing boundary
knots number is shown in Table 4. It is found that N = 60 boundary knots give
the largest effective condition number 7.39 × 109 corresponding with the smallest
maximum error 2.38 × 10−7 . Meanwhile, N = 60 boundary knots can also give
the largest traditional condition number 4.14 × 1017 corresponding with the same
maximum error, but it is almost twice larger than the effective condition number.
For boundary knot number N > 60, the maximum error increases as the effective
condition number decreases. Thus, we may conclude that the effective condition
number can be used to determine the optimal knot number with the boundary knot
method to get the best numerical accuracy.
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Case 5: irregular domain

As many problems are encountered on very complex physical domains in practical
engineering applications, our last example considers the Helmholtz on irregular
domain. (see Fig.1). Mixed boundary conditions is considered in this problem
with two Neumann edges on the x− and y−axes. Dirichlet boundary conditions are
imposed on the remaining. Analytical solution is given as
u(x, y) = sin(x) cos(y).

(22)

√
with wave number λ = 2.

Figure 1: Configuration of 2D irregular domain for case 5.

N
25
33
41
49

Table 5: Fix noise level ε = 0.00001 with M = 210 test knots
Cond
ECN
εmax
12
5
1.05 × 10
3.06 × 10
4.13 × 10−2
16
4
8.51 × 10
9.70 × 10
3.37 × 10−1
3.77 × 1017
9.25 × 104
1.04 × 10−1
5.28 × 1017
2.04 × 105
1.35 × 10−2

It is not reasonable to assume that data from real applications to be noise free.
When the noise level is sufficiently small, one may solve the problem as if it is
noise free. On the other hand, when the noise level is significant, some proper
regularization methods should be employed. When the data is noise free, using
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N
25
33
41
49
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Table 6: Fix noise level ε = 0.001 with M = 210 test knots
Cond
ECN
εmax
12
3
1.05 × 10
5.68 × 10
2.32
8.51 × 1016
1.33 × 103
16.10
3.77 × 1017
2.18 × 103
3.20
17
2
5.28 × 10
9.57 × 10
5.52

(M, N) = (210, 41), BKM results in a maximum accuracy of 1.42 × 10−5 with ECN
1.44 × 109 . The author also observe that the relationship between the ECN of BKM
and its accuracy is irrelevant to the numbers of boundary knots N. In Table 5 and
Table 6, respectively, the maximum error and the corresponding are shown under
noise levels ε = 0.00001 and ε = 0.001. Using the observations in the previous
observation, one may guess that the numerical approximation will agree with the
exact solution up to about one decimal place; that is good enough for many engineering problems. On the other hand, the small ECN found in Table 6 suggests that
the numerical solutions are not trustworthy. In this case, one should employ regularization technique instead of applying BKM directly [Hon and Wei (2005);Wang,
Chen, and Jiang (2009)].
5

Conclusions

In this study, we introduce the effective condition number to the stability analysis
of the BKM. Numerical experiments strongly suggest that the effective condition
number is a superior criterion over the L2 condition number.
We also observe an underlying relationship between the effective condition number
and the BKM solution accuracy. Namely, the BKM accuracy is inversely proportional to the effective condition number. More interestingly, using the effective
condition number as an indicator, one can fine-tune the user-defined parameters
(without the knowledge of exact solution) to ensure high accuracy from the BKM.
It is revealed that when the noise level is sufficiently small, one may solve the problem as if it is noise free. On the other hand, when the noise level is significant, some
proper regularization methods should be employed. All remarks above are based
on numerical experiments. Theoretical study of this issue is still under way.
Acknowledgement: The work described in this paper was supported by a research project funded by the Colleges and Universities in Jiangsu Province plans
to graduate research and innovation (Project No. CX09B–154Z) and the National
Natural Science Foundation of China (Project No. 10672051). The second named

68

Copyright © 2009 Tech Science Press

CMC, vol.12, no.1, pp.57-70, 2009

author was supported by the CERG Grants of Hong Kong Research Grant Council
and the FRG grants of Hong Kong Baptist University.
References
Chan, T. F.; Foulser, D. E. (1988): Effectively well-conditioned linear systems.
SIAM Journal on Scientific Computing, vol. 9, no. 6, pp. 693–969.
Chen, C. S.; Karageorghis, A.; Smyrlis, Y. S. (2008): The Method of Fundamental Solutions - A Meshless Method. Dynamic Publishers.
Chen, J. T.; Chang, M. H.; Chen, K. H.; Lin, S. R. (2002):
The boundary collocation method with meshless concept for acoustic eigenanalysis of twodimensional cavities using radial basis function. Journal of Sound and Vibration,
vol. 257, no. 4, pp. 667–711.
Chen, J. T.; Chen, I. L.; Chen, K. H.; Yeh, Y. T. (2004): A meshless method
for free vibration of arbitrarily shaped plates with clamped boundaries using radial
basis function. Engineering Analysis with Boundary Elements, vol. 28, no. 5, pp.
535–545.
Chen, K. H.; Kao, J. H.; Chen, J. T. (2009): Regularized meshless method for
antiplane piezoelectricity problems with multiple inclusions. CMC: Computers,
Materials, & Continua, vol. 9, no. 3, pp. 253–280.
Chen, W.; Hon, Y. C. (2003): Numerical investigation on convergence of boundary knot method in the analysis of homogeneous helmholtz, modified helmholtz
and convection-diffusion problems. Computer Methods in Applied Mechanics and
Engineering, vol. 192, no. 15, pp. 1859–1875.
Chen, W.; Tanaka, M. (2002): A meshless, integration-free, and boundary-only
rbf technique. Computational & Applied Mathematics, vol. 43, no. 3, pp. 379–391.
Christiansen, S.; Hansen, P. C. (1994): The effective condition number applied
to error analysis of certain boundary collocation methods. Journal of Computational and Applied Mathematics, vol. 54, no. 1, pp. 15–36.
Drombosky, T. W.; Meyer, A. L.; Ling, L. (2009): Applicability of the method
of fundamental solutions. Engineering Analysis with Boundary Elements, vol. 33,
no. 5, pp. 637–643.
Fairweather, G.; Karageorghis, A. (1998): The method of fundamental solutions
for elliptic boundary value problems. Advances in Computational Mathematics,
vol. 9, no. 1, pp. 69–95.

Effective Condition Number for Boundary Knot Method

69

Golberg, M. A.; Chen, C. S. (1998): The method of fundamental solutions for
potential, Helmholtz and diffusion problems, pp. 103–176. Southampton, 1998.
Hon, Y. C.; Wei, T. (2005): The method of fundamental solution for solving
multidimensional inverse heat conduction problems. Computer Modeling for Engineering & Sciences, vol. 7, no. 2, pp. 119–132.
Kita, E.; Kamiya, N.; Ikeda, Y. (1995): An application of treffz method to the
sensitivity analysis of two-dimensional potential problem. International Journal
for Numerical Methods in Engineering, vol. 38, no. 13, pp. 2209–2224.
Li, J. (2001): Mathematical justification for rbf-mfs. Engineering Analysis with
Boundary Elements, vol. 25, no. 10, pp. 897–901.
Li, Z. C.; Huang, H. T. (2008): Effective condition number for simplified hybrid
trefftz methods. Engineering Analysis with Boundary Elements, vol. 32, no. 9, pp.
757–769.
Li, Z. C.; Huang, H. T. (2008): Effective condition number of the hermite finite
element methods for biharmonic equations. Applied Numerical Mathematics, vol.
58, no. 9, pp. 1291–1308.
Liu, C. S. (2008): Improving the ill-conditioning of the method of fundamental
solutions for 2d laplace equation. CMES: Computer Modeling in Engineering &
Sciences, vol. 28, no. 2, pp. 77–94.
Liu, C. S. (2008): A time-marching algorithm for solving non-linear obstacle
problems with the aid of an ncp−function. CMC: Computers, Materials, & Continua, vol. 8, no. 2, pp. 53–65.
Liu, C. S. (2009): A fictitious time integration method for solving delay ordinary
differential equations. CMC: Computers, Materials, & Continua, vol. 10, no. 1,
pp. 97–116.
Liu, C. S.; Atluri, S. N. (2008): A novel time integration method for solving
a large system of non-linear algebraic equations. CMES: Computer Modeling in
Engineering & Sciences, vol. 31, no. 2, pp. 71–84.
Liu, C. S.; Atluri, S. N. (2009): A highly accurate technique for interpolations
using very high-order polynomials, and its applications to some ill-posed linear
problems. CMES: Computer Modeling in Engineering & Sciences, vol. 43, no. 3,
pp. 253–276.

70

Copyright © 2009 Tech Science Press

CMC, vol.12, no.1, pp.57-70, 2009

Liu, C. S.; Yeih, W.; Atluri, S. N. (2009): On solving the ill-conditioned system
Ax=b: General-purpose conditioners obtained from the boundary-collocation solution of the laplace equation, using trefftz expansions with multiple length scales.
CMES: Computer Modeling in Engineering & Sciences, vol. 44, no. 3, pp. 281–
312.
Mukherjee, Y. X.; Mukherjee, S. (1997): The boundary node method for potential problems. International Journal for Numerical Methods in Engineering, vol.
40, no. 5, pp. 797–815.
Qin, Q. H.; Wang, H.; Kompis, V. (2009): Recent advances in boundary element
method, chapter 24, pp. 367–378. Springer, 2009.
Wang, F. Z.; Chen, W.; Jiang, X. (2009): Investigation of regularized techniques
for boundary knot method. Communications in Numerical Methods in Engineering, DOI : 10.1002/cnm.1275.
Young, D. L.; Chen, K. H.; Chen, J. T.; Kao, J. H. (2007): A modified method
of fundamental solutions with source on the boundary for solving laplace equations
with circular and arbitrary domains. CMES: Computer Modeling in Engineering
& Sciences, vol. 19, no. 3, pp. 197–221.
Young, D. L.; Chen, K. H.; Lee, C. W. (2005): Novel meshless method for
solving the potential problems with arbitrary domains. Journal of Computational
Physics, vol. 209, no. 1, pp. 290–321.
Young, D. L.; Tsai, C. C.; Lin, Y. C.; Chen, C. S. (2006): The method of
fundamental solutions for eigenfrequencies of plate vibrations. CMC: Computers,
Materials, & Continua, vol. 4, no. 1, pp. 1–10.
Zhang, J. M.; Yao, Z. H.; Li, H. (2002): A hybrid boundary node method.
International Journal for Numerical Methods in Engineering, vol. 53, no. 4, pp.
751–763.

